Abstract. We complete the proof of the equivariant Tamagawa number conjecture for Tate motives over absolutely abelian fields by proving a refined cyclotomic main conjecture at the prime 2.
Introduction
Let l be a prime number, m 0 an integer prime to l and
the cyclotomic Iwasawa algebra of ''tame level m 0 ''. Using étale cohomology one can define a certain perfect complex of L-modules D y (see Section 1.2 below) and a certain basis L of the invertible QðLÞ-module Det QðLÞ À D y n L QðLÞ Á where QðLÞ is the total ring of fractions of L. This basis L is obtained by l-adically interpolating the leading Taylor coe‰cients of the Dirichlet L-functions Lðw; sÞ at s ¼ 0 where w runs through characters of conductors dividing m 0 l y . The main conjecture referred to in the title of this paper, Theorem 1.2 below, is the statement that L is in fact a L-basis of Det L D y .
This main conjecture was essentially proven for l 3 2 by Burns and Greither [7] building on the theorem of Mazur and Wiles [15] (see also Rubin [18] ) proving the traditional ''Iwasawa main conjecture''. The extra refinement in the theorem of Burns and Greither vis-à-vis the theorem of Mazur and Wiles lies in the fact that L need not be a regular ring. Indeed if l is odd then L is regular if and only if l F fðm 0 Þ where f is the Euler f-function.
In this article, we give a proof of Theorem 1.2 for l ¼ 2. This was claimed as Theorem 5.2 in the survey paper [9] but the proof given there, arguing separately for each height one prime q of L, is incomplete at primes q which contain l ¼ 2. The argument given in [9] , p. 95, is an attempt to use only knowledge of the cohomology as well as perfectness of the complex D y q but it turns out that this information is insu‰cient. Here we shall use the techniques of the paper [6] , such as the Coleman homomorphism and Leopoldt's result on
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the Galois structure of cyclotomic integer rings, as well as Coleman's reciprocity law [8] , Theorem 1, to construct the complex D y q more explicitly and thereby verify Theorem 1.2.
What is peculiar to the situation l ¼ 2 is not only that L is never regular (due to the presence of the complex conjugation) but also that the l-adic L-function L is quite di¤er-ently defined for even and odd characters. For even characters one interpolates first derivatives of Dirichlet L-functions via cyclotomic units, for odd characters one interpolates the values of these functions via Stickelberger elements. A proof of Theorem 1.2 therefore in some sense involves a ''mod 2 congruence'' between Stickelberger elements and cyclotomic units. Given the explicit nature of both objects, it is perhaps not surprising that this congruence turns out to be an elementary statement which is arrived at, however, only after some rather arduous computations. The statement is the following easy fact in the case x ¼ a m 0 2 n , a A Z: Let M 1 1 mod 4 be an integer, 0 < x < 1 a real number and u ¼ expð2pixÞ. Then the sign of the real number 1 À u M ð1 À uÞ M is ðÀ1Þ bMxc . Here for any real number y we set byc ¼ maxfn A Z j n e yg.
We believe that Theorem 1.2 (for any prime l) is the most precise statement one can make about the relation between leading Taylor coe‰cients of Dirichlet L-functions at s ¼ 0 and étale cohomology. It is a special case of very general conjectures on motivic L-values put forward by Kato [14] and Kato and Fukaya [10] . Theorem 1.2 for l ¼ 2 not only confirms Kato's point of view of L-values and l-adic L-functions as bases of determinant line bundles quite beautifully but also has other number theoretic consequences which were already noted in [9] , 5.1, and [6] , Corollaries 1.2 and 1.4. In particular, it completes the proof of the equivariant Tamagawa number conjecture for the motive h 0 À SpecðLÞ Á ð jÞ and the order Z½GalðL=QÞ where j is any integer and L=Q any abelian extension. This includes the 2-primary part of the original (non-equivariant) Tamagawa number conjecture of Bloch and Kato [1] for the Riemann Zeta function. A consequence of the equivariant Tamagawa number conjecture is the validity of all three Chinburg conjectures asserting the vanishing of certain invariants WðL=K; iÞ, i ¼ 1; 2; 3; if L=Q is abelian (see [6] , Corollary 1.4). For other consequences concerning Fitting ideals we refer to Greither's paper [12] and for the relevance to conjectures of Tate, Stark, Gross, Rubin, Popescu et al. to Burns' paper [3] , Theorem A.
After recalling material from [9] and [6] in Section 1 we prove in Section 2 a statement which might be regarded as a functional equation of L and which is a refinement of a result going back to Iwasawa. We finally give the proof of Theorem 1.2 in Section 3 and collect some technical computations related to the Shapiro lemma in an appendix.
1. Notation and preliminaries 1.1. Cyclotomic fields. We follow the notation of [9] which we now recall. For any positive integer m we set 
Here fðmÞ is Euler's f-function, mðmÞ is the Möbius function, wðaÞ ¼ 0 if ða; f w Þ > 1 and we view a Q-rational character w as the tautological homomorphism
where e w ¼ P h 7 ! w e h (and similarly for Q l -rational characters).
Proof. This is [6] , Lemma 6.2. r
For a prime number l and integer m 0 prime to l, we define
The Iwasawa algebra L is a finite product of complete local 2-dimensional CohenMacaulay (even complete intersection) rings. However, it is regular if and only if l FKG lm 0 . We denote by QðLÞ the total ring of fractions of L.
Global Iwasawa theory.
Borrowing notation from [6] (and replacing p by l and setting r ¼ 1) we define a free, rank one L-module with a continuous L-linear action of GalðQ=QÞ,
and a perfect complex of L-modules,
where for any projective L-module P (resp. perfect complex of L-modules C) we set P Ã ¼ Hom L ðP; LÞ (resp. C Ã ¼ R Hom L ðC; LÞ). The compact support étale cohomology is defined as in [5] , p. 522. We recall the computation of the cohomology of D y from [9] . We have H i ðD y Þ ¼ 0 for i 3 1; 2, a canonical, isomorphism
and a short exact sequence
where
For any number field L and set of places S of L we set here
and all limits are taken with respect to Norm maps (on Y S this is the map sending a place to its restriction). For d j m 0 put
Here we also view t a; k as an element of Q½G k 0 for k j k 0 (which allows us to view y d as an element of the fraction field of L for d j m 0 ) by
The relationship between y d and l-adic L-functions in the usual normalization is given by the interpolation formula
for all Dirichlet characters w of conductor dl n and j e 0 (here o and w cyclo denote the Teichmueller and cyclotomic character G m 0 l y ! Z Â l , respectively).
We fix an embedding Q l ! C and identifyĜ G k with the set of Q l -valued characters. The total ring of fractions
QðcÞ ð5Þ of L is a product of fields indexed by the Q l -rational characters c of G lm 0 . As in [9] one easily computes Note also that e c y m 0 ¼ 0 (resp. e c ðh À1 m 0 n sÞ ¼ 0) if c is even (resp. odd). Hence, we obtain a QðLÞ-basis
For odd primes l this theorem is essentially due to Burns and Greither [7] and a proof of this precise statement with this precise notation was given in [9] , Section 5.1. For l ¼ 2 the theorem is new and its proof will occupy Section 3 of the present paper.
Local Iwasawa theory.
Here we recall results from [6] . The cohomology of RGðQ l ; T y l Þ is naturally isomorphic to
0; otherwise;
where Qðz m 0 l n Þ l :¼ Qðz m 0 l n Þ n Q Q l is a finite product of local fields and the limit is taken with respect to the norm maps. The valuation map induces a natural short exact sequence
and in addition Coleman has constructed an exact sequence [17] , Proposition 4.1.3,
and Z½z m 0 l denotes the finite étale Z l -algebra Z½z m 0 n Z Z l . Moreover, the map Y is given by
where f u is the (unique) Coleman power series of the norm compatible system of units u with respect to ðz l n Þ nf1 and one has fð f ÞðX Þ ¼ f [17] , 1.1.4, and with respect to this action all maps in (6), (7) and (8) 
Proof. This is [6] , Lemma 5. 
Proof. This is [6] , Proposition 5.2. r
The following proposition is an application of the reciprocity law of Coleman [8] , Theorem 1, and is not contained in [6] . We note that Coleman's reciprocity law includes the case l ¼ 2. Perrin-Riou's proof of her reciprocity law [17] , Conjecture 3.6.4, in the special case of an l-adic representation V ¼ V 0 ð1Þ, V 0 unramified, in [17] , Theorem 4.3.2, is a similar application of Coleman's result.
The cup-product pairing
induces a pairing
and a pairing on determinants
which is perfect by local Tate duality, i.e. the arrow is an isomorphism. Denote by
as well as the induced ring automorphism of L. Note that there is a natural isomorphism of GalðQ=QÞ-modules
which induces an isomorphism of perfect complexes of L-modules
Hence we may regard the pairing (10) as a perfect k K -sesquilinear pairing hÀ; Ài on Det 
Here we view g A G m 0 as an integer prime to m 0 , and the summation is over all multiples d of m 1 which also divide the g.c.d.
Proof. The cup product also induces the k K -sesquilinear pairing in the top row of the following diagram:
and Coleman's reciprocity law will allow us to give an explicit pairing in the bottom row that makes the diagram commutative. Note that
where the Hilbert symbol
Coleman's reciprocity law [8] , Theorem 1, computes the Hilbert symbol as
by the argument in [17] , at the bottom of page 146, we conclude that the pairing hÀ; Ài on R given by
0; otherwise.
(
Now by Lemma 1.1 
which in turn reduces to a sum over d so that d=f ¼ d=ðd; g þ 1Þ is squarefree. This happens if and only if d j ðg þ 1Þm 1 . In summary then
where % 0 was defined in (13). r
The functional equation
In this section, we prove a result, Proposition 2.2 below, which is a key ingredient in the proof of Theorem 1.2 for l ¼ 2 but which is valid for all primes l and which is a more precise form of a theorem going back to Iwasawa (''the l-adic L-function is the character-istic ideal of local units modulo cyclotomic units''). Proposition 2.2 can also be viewed as some kind of functional equation of the l-adic L-function L as we shall explain at the end of this section.
where the sum is over all Q l -rational characters that vanish on H. For any prime p 3 l we denote by
so that x 7 ! e p ðxÞ is a multiplicative map. We denote by Fr p A G m 0 l y (resp. f Fr Fr p A G m 0 l y ) the choice of a Frobenius element with trivial component in I p (resp. G m 0 ). Note here that I p and G m 0 are canonically direct factors of G m 0 l y by the Chinese remainder theorem.
is a unit of L where the sum is over all Q l -rational characters of G m 0 .
Proof. This is [6] , Lemma 4.5, with Z l ½G replaced by L. The proof of this lemma in loc. cit. transfers verbatim (with the roles of l and p interchanged). r
With the notation of (2), (9), (11) and Lemma 1.3 one has
Remarks. (a) If L is regular, equivalently if l F fðlm 0 Þ, this identity, up to an unspecified unit in L, is essentially due to Gillard [11] , Theorem 1, and goes back to Iwasawa [13] , see also [19] , Theorem 13.56, for m 0 ¼ 1 and l 3 2. However, we need an exact formula in our later applications. 
Â . Nonetheless, the formula in Proposition 2.2 is correct. One can verify that it is compatible with projection from level m 0 to level m 0 0 , and it is also compatible with Lemma 2.5 below.
Proof. We first assume m 0 > 1. Let
be the Coleman power series for h m 0 and define gðX Þ A Z½z m 0 l JX K by
where this last equality defines l A L via Lemma 1.3. By a standard result for the Amice transform [17] , Lemma 1.1.6(ii), one has for k f 1
Let w be a Q l -rational character of G m 0 and e w ¼ e w; m 0 the corresponding idempotent. Then Lemma 1.1 together with Lemma 2.3 below implies
Now note that in this last sum only those d contribute for which d=f w is both squarefree and prime to f w . Hence this last expression becomes
On the other hand, using Lemma 1.1 again, we have 
Combining (18) and (19), we find
which together with (17) implies 
The definition of v p for p j m 0 ensures that
and the definition of e p ensures that
Since L is reduced and the kernels of characters of the form ww k cyclo are dense in SpecðLÞ, we conclude
which finishes the proof of Proposition 2.2 for m 0 > 1. For m 0 ¼ 1, the norm compatible system h 1 does not lie in U y loc but only in the middle term of (7), and k
L, which is why we have to multiply with g À 1. The Coleman power series of
If we define gðX Þ as in (16) then
ðn À 1Þ! and
This finishes the proof for m 0 ¼ 1. r Lemma 2.3. For any integer d and Dirichlet character w of conductor f w j d one has
Proof. For d ¼ f w this is the well-known formula for Dirichlet L-values in terms of Bernoulli polynomials [19] , Theorem 4.2, and the general case is proved by induction on the number of primes dividing d=f w . The distribution relations for the Bernoulli polynomials imply P dp a¼1 ða; dÞ¼1 wðaÞB k a dp
wðbÞ P pÀ1 n¼0 B k b þ nd dp
whereas on the other hand P dp a¼1 ða; dÞ¼1 wðaÞB k a dp ¼ P dp a¼1 ða; dpÞ¼1 wðaÞB k a dp
with the convention wðpÞ ¼ 0 if p j d. Hence P dp a¼1 ða; dpÞ¼1 wðaÞB k a dp
We now discuss briefly in what sense Proposition 2.2 can be regarded as a functional equation of the l-adic L-function L. Artin-Verdier duality gives an exact triangle of perfect complexes of L-modules and CðR; T y l Þ is quasi-isomorphic to a complex
with f y A GalðQ=QÞ denoting any complex conjugation. This is shown by adapting the arguments in the proof of [6] , Proposition 7.2, replacing the projective A l -module T l by the projective L-module T y l . The isomorphism of GalðQ=QÞ-modules
induces an isomorphism
Hence the exact triangle (20) can be rewritten
For brevity we now set Q :¼ QðLÞ and denote the scalar extension to QðLÞ by a subscript Q. 
0; i 3 0; 2;
and
where s 0 ¼ s n 1. Note here that e c s 0 ¼ 0 (resp. e c s ¼ 0) is c is even (resp. odd ).
Proof. Note that there is an isomorphism of Z l ½G m 0 l n -modules
where the sum is over the set of embeddings of L m 0 l n into C and so we may naturally view Y fv j yg ðL m 0 l n Þ as a quotient of H 0 À SpecðL m 0 l n n Q QÞ; Z l ð1Þ Á by the action of c À 1, where c A L is the complex conjugation. Passing to the inverse limit over n we find that
since f y acts on T y l via Àc. Moreover,
After localizing at Q, we have 
Proof. We follow the ideas in the proof of [6] , Proposition 7.1. Let R be either a commutative pro-l ring, or a localization of such a ring, and let C be a perfect complex of R-modules with a continuous action of GalðF p =F p Þ GẐ Z Á f 
where ½1 À f À1 p denotes the class in K 1 ðRÞ ¼ R Â .
We apply these remarks to R ¼ Q and C ¼ RGðI p ; T y l; Q Þ, where I p temporarily denotes the inertia subgroup of GalðQ p =Q p Þ. Then
and there is an exact triangle of perfect complexes of Q-modules 
induced by the exact triangle (22) Q , we have
Proof. The long exact cohomology sequence of the triangle (22 Taking the bases of the modules in this sequence and using Proposition 2.2 we find
which is the even component of equation (24) 24). r
Remark. Note that the element
by Proposition 1.4, Lemmas 2.4 and 2.5. Proposition 2.6 then implies that
which is also a (rather weak) consequence of Theorem 1.2.
3. The proof of Theorem 1.2 for l F 2 3.1. Recollections from [9] . In this section, we continue the proof of Theorem 1.2 for l ¼ 2 where we have left it o¤ in [9] . By [9] , Lemma 5.3, it su‰ces to show that
for all height one primes q of L, and primes q not containing l ¼ 2 have already been dealt with in [9] .
In the following l will always denote 2 and q a height one prime of L containing 2. Such primes are in bijection with Q l -rational characters c q of G 
and define a A ðc À 1ÞL
These conditions determine g 1 , g 2 and therefore a up to factors in 1 þ ðc À 1ÞL q . The class of a in
is therefore independent of all choices and contains the same information as the Yoneda two-extension class in
which is represented by the complex D y q .
We have
for some u A QðLÞ and (26) 
In [9] we were erroneously assuming that a ¼ 1 À c and that the resulting u lies in L Â q .
Lemma 3.1. Set l ¼ 2, let q be a height 1 prime of L containing 2 and let a be defined by (27). If we have
for some x; y A L q then (26), and a forteriori Theorem 1.2, hold.
turns out to be more amenable to direct analysis than D y (recall that the two are related by (21)). After describing an explicit representative of this complex and a basis of its determinant we shall verify that a has the shape (28) in Section 3.4.
Explicit construction of
For a profinite group G and a continuous G-module M, we denote by RGðG; MÞ (resp. Z i ðG; MÞ) the complex of continuous cochains (resp. the group of continuous cocycles of degree i). We let S be the set of primes dividing m 0 l, L S the maximal algebraic extension of Q unramified outside S and set G S ¼ GalðL S =QÞ. There is a natural isomorphism [16] , Proposition 2.9,
and we shall also identify RGðQ p ; T 
We denote by
the 0-th di¤erential in the complex RGðG S ; T y l Þ and by res p (resp. res p ) the restriction map of cochains (resp. cohomology classes) to a fixed decomposition group at p. 
and qðzÞ :¼ res l z.
where the second isomorphism arises from the cohomology sequence of (29), is given by x 7 ! dx, and the map
is the one in the cohomology sequence of (29).
(c) The modules K q and H 1 ðQ l ; T y l Þ q are both free of rank one over L q .
Proof. By Lemma 3.3 below we may ignore the summands for primes p 3 l; y in (29) and for p ¼ l (resp. p ¼ y) the complex RGðQ p ; T y l Þ q is concentrated in degree 1 (resp. 0). For p ¼ l, this follows from (6) and for p ¼ y the complex RGðR; T y l Þ is quasiisomorphic to
Moreover, a computation using Artin-Verdier duality shows that
Written out explicitly this mapping cone is the q-localization of the complex in the first row of the following commutative diagram:
where aðxÞ ¼ ðx; ÀdxÞ, bðx; yÞ ¼ À res y ðdx þ yÞ; res l y Á and iðzÞ ¼ ð0; zÞ. We show that the vertical map of complexes is a quasi-isomorphism. Since a is injective we get a cohomology isomorphism in degree 0. If ðx; yÞ A kerðbÞ=imðaÞ then On the other hand, if iðhÞ ¼ ð0; hÞ ¼ À res y ðdx þ yÞ; res l y Á A imðbÞ then dx þ y A K and h ¼ res l ðdx þ yÞ A imðqÞ. Hence we get a cohomology isomorphism in degree 2 and the statement (a). The map of complexes t e1 RGðR; T
where the vertical maps are the inclusions into the respective first summands. Evaluating a 1-cocycle f on a complex conjugation f y A G S gives an isomorphism by (6), (7), (8) and Lemma 1.3. A diagram chase using (34) shows that the following commutative diagram has exact rows and columns (even before localization at q): 
we find that K q is isomorphic to an extension of L q =ðc À 1Þ by L q =ðc þ 1Þ. On the other hand, K q is of finite projective dimension over L q since RG c Z 1
is perfect. An argument as in [9] , equation (5.17) , then shows that K q must be isomorphic to L q . r Lemma 3.3. For p 3 l; y the complex RGðQ p ; T y l Þ q is acyclic.
Proof. Similarly to (6) the cohomology of RGðQ p ; T y l Þ is naturally isomorphic to
where Qðz m 0 l n Þ p :¼ Qðz m 0 l n Þ n Q Q p is a finite product of local fields and the limit is taken with respect to the norm maps. Since the m-invariant of any Z l Jg À 1K-module which is finite free as a Z l -module vanishes we conclude by [9] , Lemma 5.6 , that
Description of a basis of K q . In order to describe elements in K q we shall use the computations in the appendix to construct a set-theoretic section z of the map p in (35).
be a norm compatible system of r e a l units, i.e. so that ðc À 1Þu ¼ 0. Then if z A K is any lift (i.e. pðzÞ ¼ u) and we write ðc À 1Þz ¼ dðl y sÞ;
where e n; a A f0; 1g is defined by ðÀ1Þ e n; a ¼ sgn À s m 0 l n ðu t a; m 0 l n n Þ Á . The class of l y modulo 2ðc À 1ÞL only depends on u.
Proof. Since
We conclude that u determines l y modulo 2ðc À 1ÞL.
In order to prove the congruence for l n A L n :¼ Z=l n Z½G m 0 l n we apply the discussion in the appendix to G ¼ G n , H ¼ H n and M ¼ m l n where
and F m 0 l n denotes the maximal abelian extension of L m 0 l n unramified outside S and annihilated by l n . We denote by s m 0 l n : F m 0 l n ! C an embedding which extends s m 0 l n on L m 0 l n and note that the embedding s m 0 l n determines a surjection GalðQ=QÞ ! G n which allows us to view f y as an element of G n .
We let S ¼ S n be a set of representatives of H n nG n which not only contains 1 but is also right invariant under f y . This we can achieve by picking a setS S H G n which maps to a set of right coset representatives of f y A G=H G G m 0 l n and setting S ¼S S WS Sf y . Then we have hðxÞ ¼ hðxf y Þ and the cocycle ið f Þ constructed in Lemma 4.1 therefore satisfies ið f Þðf y Þ ¼ 0 ð36Þ for any homomorphism f : H n ! m l n . We have an isomorphism of free, rank one L n -modules
where T n ¼ Hom Rings ðL m 0 l n ; QÞ with its natural action of G m 0 l n and GalðQ=QÞ and
Hereĉ cðgÞ A Z=l n Z is defined by g À1 cðgÞ ¼ zĉ cðgÞ l n and we also denote by s m 0 l n the element of F n sending s m 0 l n to z l n and all other t A T n to 0. Moreover
where the first isomorphism is given by the Shapiro lemma.
The norm compatibility of the u n implies that the homomorphisms
are compatible under the corestriction maps, and equation (36) implies that
does in fact lie in K. Note that the elements ið f n Þ are norm-compatible by Lemma 4.2 applied to H 0 ¼ GalðF m 0 l n =L m 0 l nÀ1 Þ and M 0 ¼ m l nÀ1 , and that there is an isomorphism of G n -modules Hom Z½H nÀ1 ðZ½G nÀ1 ; M 0 Þ G Hom Z½H 0 ðZ½G n ; M 0 Þ. From now on we denote by zðuÞ this particular lift of u (depending on a choice of sets of representatives S n formed for increasing n as in Lemma 4.2) and define l y by ðc À 1ÞzðuÞ ¼ dðl y sÞ.
Let c n A Hom Z½H n ðZ½G n ; m l n Þ be the element associated to f n by Lemma 4.3. Since sf y A S n for any s A S n , we have for ¼ ðÀ1Þ e n; a . Writing c n ¼ l 0 n s m 0 l n as in (37), we have
We did not verify that the c n are norm-compatible, so we do not know a priori that l n ¼ l 0 n (note that l n s m 0 l n is the unique norm compatible choice of elements as in Lemma 4.3). However, using the norm-compatibility of u n , the explicit definition of e n; a and (40) one immediately verifies that the images l 0 n of l 0 n in Z=2Z½G m 0 l n are norm compatible. Hence d n :¼ l 0 n À l n is norm compatible and, since dðd n Þ ¼ 0, for any n we have d n A f0; N n g where N n ¼ P g2 G m 0 l n g. Since the norm of N n is zero for n f 2 the only norm compatible choice is d n ¼ 0 and we conclude that l n satisfies the required congruence. r
The following proposition is the heart of the proof of Theorem 1.2.
Proposition 3.5. There exists a L q -basis z m 0 of K q so that
with e p defined in (15) and v p defined in Proposition 2.2.
Proof. We define
where M ¼ w cyclo ðgÞ ¼ 1 þ 4m 0 and zðuÞ was defined in (39). Note here that g À w cyclo ðgÞ is a unit in L q and that h m 0 is a L q -generator of H 1 ðG S ; T y l Þ q so that z m 0 is indeed a basis of K q by Nakayama's lemma. On the other hand,
where the sums are over 0 < a < m 0 l n , ða; lm 0 Þ ¼ 1 and hxi ¼ x À bxc. Hence 
where n (resp. %) was defined in (41) (resp. (12)) and
commutes. If we set
where n was defined in (41) then g 1 satisfies the defining property ð1 þ cÞg 1 ¼ h m 0 by Proposition 2.2. Hence
Recall from Lemma 3.1 that we need to show that a ¼ y m 0 ð1 þ j 2 Þ for some j 2 A J. This is then accomplished by the following lemma:
Lemma 3.8. For n defined in (41), % defined in (12) and J defined in (44) we have
Proof. First note that
À1 ¼ e I p and therefore where the first isomorphism is the canonical adjunction and r is given by restriction of cochains to H. The map r has a section i induced by the homomorphism Z½G n ! Z½H n , ðg 1 ; . . . ; g n Þ 7 ! À hðg 1 Þ; . . . ; hðg n Þ Á which is H-equivariant by (45) and which depends on the choice of S. 
